0^ 
O 
O 
(N 



Ph. 



cn 

O 
0^ 
O 



Domains of Bosonic Functional Integrals and Some 
Applications to the Mathematical Physics of 
Path Integrals and String Theory 



LUIZ C.L. BOTELHO 



■ Departamento de Matematica Aplicada, 

^ . Institute de Matematica, Universidade Federal Fluminense, 

^ I Rua Mario Santos Braga 



24220-140, Niteroi, Rio de Janeiro, Brazil 
e-mail: botellio.luiz@ig.com.br 

Abstract 



CS| ■ By means of the Minlos Theorem on support of cyhndrical measures on vectorial 

topological spaces, we present several results on the rigorous definitions of Euclidean 
■ path integrals and applications to some problems on non-linear diffusion, nonlinear 



wave propagations and covariant Polyakov's path Integrals yielding news results on 
the subject as well. 



^ 1 Introduction 



Since the result of R.P. Feynman on representing the initial value solution of Schrodinger 
Equation by means of an analytically time continued integration on a infinite - dimen- 
sional space of functions, the subject of Euclidean Functional Integrals representations 
for Quantum Systems has became the mathematical - operational framework to ana- 
lyze Quantum Phenomena and stochastic systems as showed in the previous decades of 
research on Theoretical Physics ([l]-[3]). 

One of the most important open problem in the mathematical theory of Euclidean 
Functional Integrals is that related to implementation of sound mathematical approxima- 



tions to these Infinite-Dimensional Integrals by means of Finite-Dimensional approxima- 
tions outside of the always used [computer oriented] Space-Time Lattice approximations 

(see [2], [3] - chap. 9). As a first step to tackle upon the above cited problem it will 
be needed to characterize mathematically the Functional Domain where these Functional 
Integrals are defined. 

The purpose of this paper is to present in section II, the formulation of Euclidean Quan- 
tum Field theories as Functional Fourier Transforms by means of the Bochner-Martin- 
Kolmogorov theorem for Topological Vector Spaces ([4], [5] - theorem 4.35) and suitable 
to define and analyze rigorously Functional Integrals by means of the well-known Minlos 
theorem ([5] - theorem 4.312 and [6] - part 2) and presented in full details in section 3. 

In section 4, we present news results on the difficult problem of defining rigorously 
infinite-dimensional quantum field path integrals in general space times D, (Z — 
2,4,...) by means of the analytical regularization scheme. 

In section 3, we present a framework to write equilibrium measures for some non-linear 
diffusion problems. In the short section 4 we show the usefulness of our results on domain 
of path integrals by analyzing the problem of the support of generalized white - noise 
process with different strenghts. In section 5, wc present the Ergodic Theorem applied to 
some problem in non-linear wave propagations through path integrals. In section 6 and 7 
we review the A.M. Polyakov path integral analysis of String theory with corrections and 
improvements by considering a carefuU analysis of the correct functional integrals variables 
on the underlying theory. Finally we call the reader attention that the appendices A and 
B has as important new results as these showed in the bulk of this work. 
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2 The Euclidean Schwinger Generating Functional as 
a Functional Fourier Transform 



The basic object in a scalar Euclidean Quantum Field Theory in is the Schwinger 
Generating Functional (see refs. [1], [3]). 

Z\j{x)] = {nvAcl exp J d^'xjix, it)(t>^^\x, ^^)^ {^vac) (1) 

where 0*^"*^ (x, it) is the supposed Self- Adjoint Minkowski Quantum Field analytically con- 
tinued to imaginary time and j{x) — j{x, it) is a set of functions belonging to a given 
Topological Vector Space of functions denoted by E which topology is not specified yet 
and will be called the Schwinger Classical field source space. It is important to remark that 
{(f)"^{x,it)} is a commuting Algebra of Self-Adjoints operators as Symanzik has pointed 
out ([7]). 

In order to write eq.(l) as an Integral over the space E""'^ of all hnear functional on 
the Schwinger Source Space E (the called Algebraic Dual os E), we take the following 
procedure, different from the usual abstract approach (as given - for instance - in the 
proof of th IV - 11 - [2]), by making the hypothesis that the restriction of the Schwinger 
Generating Functional eq.(l) to any finite-dimensional of E is the Fourier Transform 
of a positive continuous function, namely. 

Z [Yl C"Ja(a;) I = / exp (z J2 CaPa] 9{Pi, ■ ■ ■ , PN)dPu ...,dPN (2) 

\a=l ^ RN ^ ^ 

Here {ja{x)}a=i,--- ,N is a fixed vectorial base of the given finite-dimensional sub-space 
(isomorphic to R^) of E. 

As a consequence of the above made hypothesis (based physically on the Renormaliz- 
abihty and Unitary of the associated Quantum Field Theory) , one can apply the Bochner - 
Martin - Kolmogorov Theorem ([5] - theorem 4.35) to write eq.(l) as a Functional Fourier 
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Transform on the Space (see appendix A) 

Z[j{x)]^ f eMiHJ{x))dpi{h) 



(3) 



where dii{h) is the Kolmogorov cyhndrical measure on 

E'^^a ^ UxeA(R^) with A denoting 
the index set of the fixed Hamel Vectorial Basis used in eq.(2) and h{j{x)) is the action 
of the given Linear (algebric) Functional (belonging to E"-^^) on the element j{x) G E. 

At this point, we relate the mathematically non-rigorous physicist point of view to the 
Kolmogorov measure dfj,{h) eq.(3) over the Algebraic Linear Functions on the Schwinger 
Source Space. It is formally given by the famous Feynman formulae when one identifies 
the action of h on E by means of an "integral" average 



where S is the classical action of the Classical Field Theory under quantization, but with 
the necessary coupling constant renormalizations need to make the associated Quantum 
Field Theory well-defined. 

Let us outline these proposed steps on a - Field Theory on R^. 

At first we will introduce the massive free field theory generating functional directly 
in the infinite volume space R^. 




(4) 



Formally we have the equation 





Z\j{x)] = exp 




(6) 



where the Free Field Propagator is given by 





with a a regularizing parameter with a > 1. 
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As the source space, we will consider the vector space of all real sequences on n;^g(_oo,oo)(^)^) 
but with only a finite number of non-zero components. Let us define the following 
family of finite-dimensional Positive Linear Functionals {-^a^} on the Functional Space 

c( n R';R) 

A€(— 00,00) 

La, (e(P,.^ r--PxJ)= J 9{Px., , . . . , Pa. J exp | -i ^ (A^" + m'){P,r i 

{ U R^) ^ ^^^^ J 



n (^(PAV^(A2" + m2)) (8) 

Here A/ = {Asj, ■ ■ ■ , A^^} is an ordered sequence of real number of the real line which 
is the index set of the Hamel Basis of the Algebraic Dual of the proposed source space. 
Note that we have the generalized eingenproblem expansion 

((-A)" + m2)e^^^ = (A2° + m2)e^^^ (9) 

By the Stone- Weirstrass Theorem or the Kolmogoroff Theorem apphed to the family of 
finite dimensional measure in eq.(8), there is a unique extension measure (i//({PA}Ag(-oo,oo)) 
to the space nAe(-oo,oo)P^ = -E""'^ and representing the Infinite-volume Generating Func- 
tional on our chosen source space (the usual Riesz-Markov theorem applied to the linear 
functional L — limsupLAy, on C(n;^g(_oo_oo)-R^) -R) leads to this extension measure ) 
([10]). 

Z[j{x)] = ^[{Ja}a6A,] = j ci/.(°)-(")({PA}Ae(-oo,oo)) 

n R'^ 

AG( — CX3,Oo) 

xexpjz Y: ^aPa U exp I -i 5: ^^.^ I (10) 
\ Ae(-oo,oo) / xeAf ) 

At this point it is very important remark that the generating functional eq.(lO) has 

continuous natural extension to any test space ( S{R^), D{R^), etc) which contains the 

continuous functions of compact support as a dense sub-space. 



At this point we consider the following Quantum Field interaction functional which 
is a measurable functional in relation to the above constructed Kolmogoroff measure 

dij,^^^'^"\{Px} xq(-oo,oo)) for a non integer in the original field variable (j){x) 

- (W)(")(A«)](/)2 - [zjf\\n,m){5^'''>X){Xn,m)]<t>' (11) 

Here the renormalization constants are given in the usual analytical finite-part regular- 
ization form for a X(j)^ - Field Theory. It still a open problem in the mathematical-physics 

of quantum fields to prove the integrability in some Distributional space of the cut-off 
removing a — 1 limit of the interaction lagrangean exp(— ^'^"^(0)) (see section 4 for a 
analysis of this cut off removing on space of functions). 

3 The Support of Functional Measures - The Minlos 
Theorem. 

Let us now analyze the measure support of Quantum Field Theories generating functional 
eq.(3). 

For higher dimensional space-time, the only available result in this direction is the 
case that we have a Hilbert structure on E{[4\, [5], [6]). 

At this point of our paper, we introduce some definitions. Let if : Z+ — > be an 
increasing fixed function (including the case (p{oo) = oo). Let E be denoted by H and 
be the sub-space of H"-^^ = (nxeA=[o,i]-R^) (with A being the index set of a Hamel 
basis of H), formed by all sequences {xaIaga G H"'''^ with coordinates different from zero 
at most a countable number 

7^ for A e {A^}^6z} (12) 
Consider the following weighted sub-set of if"'^ 

H(e) = {{xx}xeA e 
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and 




^E(^A.(.))n<00} 




for any a : N ^ N, a, permutation of the natural numbers. 
We now state our generalization of the Minlos Theorem. 

Theorem 3. Let T be an operator, with Domain D{T) C H, and T; D{T) H such 
that for any finite-dimensional space C H, the sum is bounded by the function (p{N) 



Here (, )^°) is the inner product of H and {ep}i<p<;v is a vectorial basis of the sub-space 
with dimension N. 

Suppose that Z[j{x)\ is a continuous function an D{T) = {D{T), (, )(^)) where (, )'^^) is 
a new inner product defined by the operator T{{j,j)^^^ = {Tj,Tj)^^^) we have, thus, that 
the support of the cylindrical measure eq.(3) is the measurable set . 

Proof: following closely references ([!]) - Theorem 2.2., [4]) let us consider the following 
representation for the characteristic function of the measurable set C -ff"'^ 

■ XHi{{xx}xeA) = 




(13) 




(14) 







otherwise 



Now its measure satisfies the following inequality 




(15) 
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But 

}jalg 



Unln V 1 



where 



Af \ „ / N 



ZUi,- ■ ■ Jn) = ^dfM{{xx})exp ii^xxjt] = / exp z ^ xaj'^ j (17) 

-^Ih \ e=i ) V e=i ) 

Now due to the continuity and positivity of Z\j\ in D{T); we have that for any e > 
— > 35 such that the inequahty below is true since we have that: Z{ji, ■ ■ ■ j^) > 1 — s — 

^1 



[N)J ^ «-i / 



1 



2 



(18) 



By substituting eq.(18) into eq.(15), we get the result 

2 



1 > l^{H^) > 1 - £ - ^ (lim «) = 1 - £ (19) 
Since e was arbitrary we have the validity of our theorem. 
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As a consequence of this Theorem in the case of (f{N) being bounded (so TT* is an 
operator of Trace Class), we have that iff = H which is the usual Topological Dual of 
H. 

At this point, a simple proof may be given to the usual Minlos Theorem on Schwartz 
Spaces ([5], [6],). 

Let us consider S{R^) represented as the countable normed spaces of sequences ([8]) 

oo 

SiR"") =04 (20) 

m=0 

where 

N 

4 = {(^n)neZ, Xr, G r\ J^M'tI^ < Oo} (21) 

n=0 

The Topological Dual is given by the nuclear structure sum ([8]) 

oo oo 

5W = U^-n=U(4* (22) 

n=0 n=0 

We, thus, consider E — S{R^) in eq.(3) and Z[j{x)] — Z[{jn}nez] as a continuous on 

oo oo 

flC- Since ^[0„}nez] e C'( D ^l, R) we have that for any fixed integer p, Z[{jn}nei] is 

n n=0 

continuous on the Hilbert Space £p which, by its turn, may be considered as the Domain 
of the following operator. 

Tp : ilcio ^ io 

{Jn} - {n^^'jn} (23) 
It is straightforward to have the estimate 

N 

I (T,e^,?;e„)(°)| <Ar(^-) (24) 

(m,n)=l 

for some positive integer B and {cj} being the canonical orthonormal basis of l^. By an 
application of our theorem for each fixed p; we get that the support of measure is given 
by the union of weighted spaces 

oo oo 

suppdi,{h) = IJ (4)* ^ IJ ^ s'{R^) (25) 
9 



At this point we can suggest, without a proof a straightforward (non topological) 
generalization of the Minlos Theorem. 



Theorem 4. Let {T^y^^c be a family of operators satisfying the hypothesis of Theorem 
3. Let us consider the Locally Convex space [J Dom{Tp) (supposed non-empty) with 

the family of norms || ||/3=< TpipjTi^tjj >^/^ 

If the Functional Fourier Transform is continuous on this Locally Convex Space, the 

support of the Kolmogoroff measure eq.(3) is given by the following sub-set of [ [J Dom(r^)]"'3, 

/3ec 

namely 

suwdfi{h)= \jHl^ (26) 

where (pjs are the functions given by Theorem 3. This general theorem will not be applied 
in what follows. 

Let us now proceed to apply the above displayed results by considering the Schwinger 
Generating Functionals for two-dimensional Euclidean Quantum Eletrodynamics in Bosonized 
Parametrization ([9]) 

Z[jix)] = exp I -i J £x J d'yjix)i{-Ay + ^(-A))-\x,y)jiy) \ (27) 

where in eq.(27), the electromagnetic field has the decomposition in Landau Gauge 

A^^ix) = {e^,d,(j)){x) (28) 

and j{x) is, thus, the Schwinger Source for the 0(a;) field taken as a basic dynamical 

variable ([9]). 

Since cq.(27) is continuous in L'^[B?) with the inner product defined by the trace class 
operator ((-A)^ + ^-{-A))-\ we conclude on basis of theorem 3 that the associated 
Kolmogoroff measure in eq.(3) has its support in L^(i?^) with the usual inner product. As 
a consequence, the Quantum Observable Algebra will be given by the Functional Space 
L^(L^(i?^), (i//(/i)) and usual orthonormal Finite - Dimensional approximations in Hilbert 
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Spaces may be used safely i.e if one considers the basis expansion h{x) = hnen{x) with 



n=l 



e„(x) denoting the eigenfunctions of the operator in eq.(27) we get the result 

oo 

y L\R'', dii{hi, ■■■ , hN)) = L\L\R'),dfi{h)) (29) 

n=l 

It is worth mentioning that if one uses the Gauge Vectorial Field parametrization for 
the {Q.E.D)2 - Schwinger Functional 



Z\ji{x),j2{x)] =exp J J d^yji{x) ^-A + {x,y)5iiji{x) 



(30) 



the associated measure support will now be the Schwartz Space S'{B?) since the 
operator (—A + — )^^ is an application of S{R^) to S'{R^). As a consequence it will be 
very cumbersome to use Hilbert Finite Dimensional approximations ([8]) as in eq.(29). 

An alternative to approximate tempered distributions is the use of its Hermite ex- 
pansion in S'{R) distributional space associated to the eigenfunctions of the Harmonic- 
oscillator V{x) e L°°(i?) IJ L^(i?) potential pertubation (see ref. [3] for details with 
V{x) = 0). 

(-^ + x' + V{x))H„{x) = KH„{x) (31) 

Another important class of Bosonic Functionals Integrals are those associated with an 
Elliptic Positive Self- Adjoint Operator A^'^ on L^(f2) with suitable Boundary conditions. 
Here fl denotes a D-dimensional compact manifold of R^ with volume element dv{x). 

Z\j{x)] = exp I -i j dv{x) J du{y)j{x)A+\x,y)j{y) i (32) 
K Q a, ) 

If A is an operator of trace class on {L'^{Q),du) we have, thus, the vahdity of the usual 
eigenvalue Functional Representation 

//oo \ /l°'^\ °° 

I Yl dici^/x'e) j exp I -- ^ A^c^ j Xe2{{cn}n&) exp(z ^ aje) 
\e=i J \ e=i J e=i 
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with the spectral set 



k = (i, (ye) 



(33) 



and the characteristic function set 



oo 



1 if E 4 < oo 



n=0 



(34) 







otherwise 



It is instructive point out the usual Hermite functional basis (see 5.4 - [5]) are a 
complete set in L^(£'"'^, diJ,{h)), only if the Gaussian Kolmogoroff measure diJ,{h) is of the 
class above studied 

A criticism to the usual framework to construct Euchdean. Field Theories is that 
is very cumbersome to analyze the infinite volume limit from the Schwinger Generating 
Functional defined originally on Compact Space Times. In two dimensions the use of the 
result that the massive Scalar Field Theory Generating Functional 



with j{x) e S{R'^); is given by the limit of Finite Volume Dirichlet Field Theories 



may be considered, in our opinion, as the similar claim made that is possible from a 
mathematical point of view to deduce the Fourier Transforms from Fourier Series, a very, 
difficult mathematical task (see appendix B). 

Let us comment on the functional integral associated to Feynman propagation of fields 




(35) 




(36) 
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configurations used in geometrodynamical theories in the scalar case 



G'[/3^'*(x);/?°"*(x),r](j) , 

LA- \ \ h WJI / 0(x,O)=/3™(a:) 

</.(x,T)=/3°«*(a;) 
T +00 ^ 

exp {-^jdtj d'x (^0 {^-^ + A ) ) 

-00 

T +00 



exp \ijdt J d''xj{x)t)(j){x,t) 



(37) 



-00 

If we define the formal functional integral by means of the eigenfunctions of the self- 
adjoint Eliptic operator A, namely: 



= ^4>kit)iJk{x) 
{k} 



(3^ 



where 



AM^) = (Afe)Vfe(x) (39) 

it is straightforward to see that eq.(36) is formally exactly evaluated in terms of an infinite 
product of usual Feynman Wiener - path measures 



G[r(x);r\x),T]{j)^ 



n jck{o)=Mo) 

{k} Ck{T)=,Pk(T) 



D^[ck{t)] exp ^ {ck (^-^ + Xl^ {t)dte^p dtjk{t)ck{t) 



— . . exp 



2MT) 



2sin(Afcr) 



{4{T) + (f>l{0)) cos{\kT) - 2M0)MT) 



dtjk{t) sm{Xkt) - / dtjkit) sin(Afc(T - t)) 

Jo 



dt I dsjk{t)jk{s)sm{Xk{T -t))sm{Xks) 



(40) 



{XkY Jo Jo 

Unfortunately, our theorems do not aply in a straightforward way to infinite (con- 
tinuum) measure product of Wiener measures in eq.(40) to produce a sensible measure 
theory on the functional space of the infinite product of Wiener trajectories {ck{t)} (Note 
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that for each x fixed, a sample field configuration (/>(t, 0) in eq.(36) is a Holder continuous 
function, result opposite to the usual functional integral representation for the Schwinger 
generating functional eq.(l)- eq.(5)) where it does not make a mathematical sense to 
consider a fixed point distribution 0(t,O) - see section 4 - eq.(74). 

Let us call attention that still there is a formal definition of the above Feynman Path 
propagator for fields eq.(37) which at large time T — > +00 gives formally the Quantum 
Field Functional integral eq. (5) associated to the Schwinger Generating Functional. 

We thus consider the functional domain for cq.(37) as composed of field configurations 
which has a classical piece added with another fiuctuating component to be functionally 
integrated out, namely 

a{x, t) = (Tcl{x, t) + aq{x, t) (41) 

Here the classical field configuration problem (added with all zero modes of the free 
theory) defined by the kinetic term £ 

.f- + £]a^'^{x,t)=j{x,t) (42) 



with 



namely 



a^\x,-T) ^ P,{xy,a^\x,T) = p2{x) (43) 



d 



2 \ -1 



(^cl{x, t) = + £ j j(x, t) + ( all projection on zero modes of £) (44) 

As a consequence of the decomposition eq.(41), the formal geometrical propagator 
with an external source below 



G[P,{x),P2{x),T,[j]] 



(j(x,-T)=l3 
a(x,+T)=/32(x) 
T 



fir ( 

^^^^ D[a{x, t)] exp ( -- j dtd^xaix, t) I + 



a{x, t) 



exp(i J dt J d''xj{x,t)a{x,t)) (45) 
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may be defined the following mathematically well defined Gaussian functional measure 
exp|-^y dt J d''xj{x,t)a'^^{x,t)^ X 

J^^(^^^_T-^^Qdag{x,t)exp j ^dt J d''xag{x,t) (^-^ + £^ <7g{x,t) 



ag(x,+T)=0 

The above claim is a consequence of the result below 

cT 



(46) 



aq{x,-T)=0 
aq(x,T)=0 



D[ag{x,t)]exp i^-^ J dt J d^xag{x,t) + -^^ (^q{x,t) 



Dir 



(47) 



where the sub-script Dirichlet on the functional determinant means that one must impose 
formally the Dirichlet condition on the domain of the operator + "^^^ on D'{R^ x 

[-T, T]) (or L^{R^ x [-T, T] if belongs to trace class). Note that the operator £ in 
eq.(46) does not have zero modes by the construction of eq.(41). 

At this point, we remark that at the limit T +00 eq.(45) is exactly the Quantum 
Field functional eq.(5) if one takes Pi{x) — P2{x) — (Note that the classical vacuum 
hmit T — > 00 of Wiener measures is mathematically ill-defined (see theorem 5.1. of ref 

[I])- 

It is a important point to remark that crcL{x,t) is a regular C°°{[—T,T] x fl) solution 
of the Eliptic problem eq.(42) and the fiuctuating component aq{x, t) is a Schwartz distri- 
bution in view of the Minlos - Dao Xing theorem 3, since the Eliptic operator + £ in 
eq.(47) acts now on D'{[-T,T] x Q) with range D{[-T,T] x Q), which by its turn shows 
the difference between this framework and the previous one related to the infinite prod- 
uct of Wiener measures since these objects are functional measures in different Functional 
Spaces 

Finally we comment that Functional Schrodinger equation, may be mathematically 
defined for the above displayed field propagators eq.(37) only in the situation of eq.(40). 
For instance, with £ — —A (the Laplacean), we have the vahdity of the Euchdean field 
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wave equation for the Geometrodynamical path-integral eq (37) 



d_ 



G[P^{x),P2{x),T,[j]] 




\V(32{x)\'+j{x,T) Gmx),P2{x),T,lj]] 



(48) 



with the functional initial - condition 



lim G[/3i(x),/32(x),T] = 5^^\(3i{x) - P2{x)) 



(49) 



4 Some rigorous quantum field path integral in the 
Analytical regularization scheme 

In this core section of our paper we address the important problem of producing concrete 
non-trivial examples of mathematically well - defined (in the ultra - violet region!) path 
integrals in the context of the exposed theorems on the previously sections of this paper, 
specially section 2 - eq.(ll). 

Let us thus start our analysis by considering the Gaussian measure associated to the 
(infrared regularized) a-power (a > 1) of the Laplacean acting on L^(i?^) as an operational 
quadratic form (the Stone spectral theorem) 



Here Sir > denotes the infrared cut off. 

It is worth call the reader attention that due to the infrared regularization introduced 
on eq (50-a), the domain of the Gaussian measure is given by the space of square integrable 




(50-a) 




(50-b) 
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functions on i?^ by the Minlos theorem of section 3, since for ct > 1, the operator (— A)^^° 
defines a classe trace operator on L^(i?^), namely 

rr^,((-A)-:) = / < oo (50-c) 

This is the only point of our analysis where it is needed to consider the infra-red cut off 
considered on the spectral resolution eq (50-a). As a consequence of the above remarks, 
one can analize the ultra-violet renormalization program in the following interacting model 
proposed by us and defined by an interaction gi,s^,-eV{ip{x)), with V{x) denoting a compact 
support function on R such, that it posseses an essentially bounded Fourier transform and 
fl'bare denoting the positive bare coupling constant. 

Let us show that by defining a renormalized coupling constant as (with gren < 1) 

drcn 

^bare - _ ^)l/2 i^^) 

one can show that the interaction function 

exp|-^bare(a) J (fxV{ip{x))^ (52) 

is an integrable function on L^{L'^{R'^),daliRlJ' [<p]) and leads to a well-defined ultra-violet 
path integral in the limit of a — > 1. 

The proof is based on the following estimates. 

Since almost everywhere we have the pointwise limit 

exp|-^bare(Q;) J (fxV{(fi{x))^ 

I y (-l)"(^7barc(«))" f dk,---dknV(h)---V(kn) [ dx^ ■ ■ ■ dx^ e"''^^^'^ 



, n=0 



(53) 



we have that the upper-bound estimate below holds true 

ZZ,[9b.re] I < I / dk,--- dkr, V {h) ■ ■ ■ ^ (fc„) 

n=0 ^' "^^ 

AT 

J^Jx,---dx^J <U/^b](e^- )| (54-a) 
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with 

^."«kare]= J 41,//^] exp | -^bare(«) J d'xV{^{x))'^ (54-b) 

we have, thus, the more suitable form after reahzing the (Pki and da^sj^ //[</?] integrals 
respectivelly 

{9bare{a)y 

n\ 

n=0 

(55) 



Z6iR=o[9bare] \ < ^ 



(llV'llLoc(il)) 



dxn det 2 




l<i<Af 









Here a;j)]i<i<Ar denotes the N x N symmetric matrix with the entry 

l<j<N 

given by the Green-function of the a-Laplacean (without the infra-red cut off here! and 



the needed normalization factors !). 



r(i - a) 
r(a) 



(56) 



At this point, we call the reader attention that we have the formulae on the asymptotic 
behavior for a ^ 1. 

iN-i){-ir 



lim det-^G'i^\xi,xj) 



a->l 
, a>l 



a) 



N/2 



X 



TT 



N/2 



(57) 



After substituting eq.(57) into eq.(55) and taking into account the hypothesis of the 
compact support of the non-linearily V{x) (for instance: suppV{x) C [0, 1]), one obtains 
the finite bound for any value grem > 0, and producing a proof for the convergence of the 
perturbative expansion in terms of the renormalized coupling constant. 

|v^lU°°(K))" 



lim 

a-+l 



ZZn=o[9bare(a)]\<J2 



9r 



n=0 - 

< g9ren||V|Uoo(fl) ^ ^ 



X il!)(l-a)"/2 



n 



(58) 



Another important rigorously defined functional integral is to consider the following 
a-power Klein Gordon operator on Euclidean space-time 



C = (-A)" + m2 
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(59) 



with a positive "mass" parameters. 

Let us note that JC~^ is an operator of class trace on L?'{R'') if and only if the result 
below holds true 

Tr,.(^.)(£-) = j <rk^^^ = C{.) m(S-) X {^cosec^} < oo (60) 
namely if 

« > ^ (61) 

In this case, let us consider the double functional integral with functional domain 
L2(i?-) 

Z[j,k]= j S^^(3[v{x)] 

X exp |i j (Fx {j{x) (f{x) + k{x) v{x))^ (62) 

where the Gaussian functional integral on the fields V{x) has a Gaussian generating 
functional defined by a ^^-integral operator with a positive defined kernel g{\x — y\), 
namely 

Z^^\k] = J d'ff(3[v{x)] expjz J d''xk{x)v{x)'^ 

I: [d^'x [ d''y{k{x)g{\x-y\)k{x))] (63) 



exp 



2 



By a simple direct apphcation of the Pubbini-ToneUi theorem on the exchange of the 
integration order on eq.(62), lead us to the effective Xip'^ - like well-defined functional 
integral representation 

exp|-l / d''xd^y\v(x)\'g{\x-y\)\ip(y)A 



xexp|i J d^x j{x)(fi{x)^ (64) 
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Note that if one introduces from the begining a bare mass parameters Tn^g^^.^ de- 
pending on the parameters a, but such that it always satisfies eq.(60) one should ob- 
tains again eq.(64) as a well-defined measure on L'^^R"). Of course that the usual pure 
Laplacean limit of a —> 1 on eq.(59), will needed a renormalization of this mass parameters 
(lim m^^y,g {a) — +oo\) as much as done in the previous example. 

a— >1 

Let us continue our examples by showing again the usefulness of the precise determi- 
nation of the functional - distributional structure of the domain of the functional integrals 
in order to construct rigorously these path integrals without complicated limit procedures. 

Let us consider a general R" Gaussian measure defined by the Generating functional 
on S{R'') defined by the a-power of the Laplacean operator —A acting on S{R'^) with a 
of small infrared regularization mass parameter /i^ 



- / 4°)/.[(^]exp(z^(j)) (65) 

An explicitly expression in momentum space for the Green function of the ct-power of 
(—A)" -I- III given by 

Here C{u) is a z/-dependent (finite for z^-values !) normalization factor. 
Let us suppose that there is a range of a-power values that can be choosen in such 
way that one satisfies the constraint below 

J E'^^9[S{R")) 

with j = 1,2, - ■ ■ ,N and for a given fixed integer the highest power of our polinomial 
field interaction. Or equivalently, after realizing the (^-Gaussian functional integration, 
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with a space-time cutt off volume ft on the interaction to be analyzed on eq.(70) 



Gaussian measure eq.(65) will be given by the intersection Banach space of measurable 
Lebesgue functions on R'^ instead of the previous one E°'^^{S{R^)) 

N 

c2N{Rn = []{L^KRn) (69) 

In this case, one obtains that the finite - volume p{'^)2 interactions 



is mathematically well-defined as the usual pointwise product of measurable functions and 
for positive coupling constant values > 0. As a consequence, we have a measurable 
functional on L^(£2Ar(-R^); da^ l^-Wl) ( since it is bounded by the function 1). So, it would 
make sense to consider mathematically the well-defined path - integral on the full space 
with those values of the power a satisfying the contraint eq.(67). 



Finally, let us consider a interacting field theory in a compact space-time Vt d 
defined by an iteger even power 2n of the Laplacean operator with Dirichlet Boundary 
conditions as the free Gaussian kinetic action, namely 




(68) 



For a > one can see by the Minlos theorem that the measure support of the 




(70) 





(72) 
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here (/? e " Sobolev space of order n which is the functional domain of the 

cyhndrical Fourier Transform measure of the Generating functional Z^^^fj], a continuous 
bilinear positive form on 14^2 " (^) (^^e topological dual of H^^(fi)). 

By a straightforward application of the well-known Sobolev immersion theorem, we 
have that for the case of 

n-k>'^ (73) 

including k a real number the functional Sobolev space W^(r2) is contained in the contin- 
uously fractional differentiable space of functions C^{fl). As a consequence, the domain 
of the Bosonic functional integral can be further reduced to C*^(Q) in the situation of 
eq.(73) 

Z^'^[J]= [ <2i)/^b]exp(^0•,^)z.^(^)) (74) 

That is our new result generalizing the Wiener theorem on Brownian paths in the case 
oi n — 1 , k — ^ and v — 1 

Since the bosonic functional domain on cq.(74) is formed by real functions and not 
distributions, we can see straightforwardly that any interaction of the form 



exp|-^ J F{(f{x))d''xj (75) 

with the non-hnearity F{x) denoting a lower bounded real function (7 > 0) 

F{x) > -7 (76) 

is well-defined and is integrable function on the functional space (C'^(Q), d^^J^^ A*[</^]) by a 
direct application of the Lebesque theorem 

cxp I ^ F{^{x)) rf^xj I < exp{+^7} (77) 

At this point we make a subtle mathematical remark that the infinite volume limit 
of eq.(74) - eq.(75) is very difficult, since one looses the Carding - Poincare inequalite 
at this limit for those elliptic operators and, thus, the very important Sobolev theorem. 
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The probable correct procedure to consider the thermodynamic hmit in our Bosonic path 
integrals is to consider solely a volume cut off on the interaction term Gaussian action as 
in eq.(71) and there search for vol(f2) — > oo. 

As a last remark related to eq.(73) one can see that a kind of "fishnet" exponential 
generating functional 

= exp |-i(j,exp{-«A}j)^^^^J (78) 

has a Fourier transformed functional integral representation defined on the space of the 
infinitelly differentiable functions C°°{fl), which physically means that all field configu- 
rations making the domain of such path integral has a strong behavior like purely nice 
smooth classical field configurations. 

As a general conclusion of this central section of our work, we can see that the tech- 
nical knowledge of the support of measures on infinite dimensional spaccs-specially the 
powerfuU Minlos theorem of section 3 is very important for a deep mathematical physi- 
cal understanding into one of the most important problem is Quantum Field theory and 
turbulence which is the problem related to the appearance of ultra-violet (short-distance) 
divergences on perturbative path integral calculations. 

5 On the equilibrium measure for a non-linear diffu- 
sion equation: Some mathematical path integrals 
remarks 

A very important conceptual issue on non-linear diffusion for Parabolic equations is the 
existence of an equilibrium probability distribution at large time when the whole system 
is subject to a contact with a reservoir at temperature T ([11]). Let us comment on this 
difficult mathematical problem on this section. The stochastic evolution global equation 
governing such open system is given by the generalized Langevin equation for fields ([11]) 
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with < t < oo, (Z and V{x) a Lipschitzion function - the problem's non-hnearity. 

= - V{U){x,t)+ri{x,t) (79) 

U{x,0) ^ g{x) e L\n) (80) 

where r]{x,t) denotes a stirring (somewhat formal) white-noise stochastic process repre- 
senting the effects of the thermal coupling between our non-linear diffusion field with an 
external thermal reservoir at temperature T. Its two-point function will be (generically) 
given by: 

E„[ri(x, t) rj(y, t')] = kT 5(x - y) 5{t - t') (81) 

Mathematically we can model such contact-reservoir noise as the (generalized - dis- 
tributional sense) time derivative of an infinite statistically independent set of Brownian 
trajectories {bl{t), 0<t<T} , namely ([12]). 

Let us re-wite the full non-linear stochastic diffusion equation (66) in terms of its 
Galerkin approximants of finite-dimension ([12]) which turns the Partial differential gov- 
erning equations into ordinary differential stochastic equations 



U(-\x,t) = J2utHt)^^{^) (83-a) 

i=l 



rj^^\x,t) = Y,b?^iix) (83-b) 



i=l 



{-Aipi){x) = Xt(pi{x) (83-c) 

-vvtHut\t)r--,u^:^\t)) 

+ ^ (83-d) 
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where the Brownian stirring have the correlation function 

E{b}{bi{t) bj{t')) = kTSij min {t, t'} (84) 

and 

- V . Vl^\ut\t)) ^ [ d''xV{U^^\x,t)) . ^\x) (85) 

Here the measurable function V{ai, . . . , a„) on i?" is defined by the following relation- 
ship with the non-linearity V{x) 

« n 

V„,y/") (ai, . . . , = / (Tx F( V a, ^j{xW{x) (86) 

i=i 

In order to write the equilibrium probability distribution associated to the Galerkin 
approximant system of ordinary differential equations as expressed by eq.(83-d) we fol- 
lows previous studies ([11]) and write this equilibrium measure on RP- directly from the 
structural form as given by the Langevin stochastic equation eq.(83-d). We obtain as a 
result the following finite - dimensional probability measure as a standard expected result 

([11]) 

d>.)[t/("\...,f/i-\...t/^'^)] = 
= ^ X exp j^[vi''\ui-\ . . . , e^)] 



X (H dut^) (87) 
1=1 

here Z is the associated probability distribution normalization factor and the set of mea- 

oo 

sures forms a ordered chain of measures on the phase space R°° = Yl Rii i-®: 

i=l 

II < d^^i/i (see appendices for comments on this question). 

The unique accumulation point of the set of weakly compact measures eq.(87) on 
C{R°°,R) can be shown to exist under certain rigorous mathematical conditions (by a 
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direct application of the Prokhorov-Nguyen Zui Tien weak measure convergence criterium 
- which will not be fully used here). 

However for those non-linearities V{x) such that the associated "potentials" 
|^(") (ai, . . . , a„)} make a set of positive cylindrical functions on C{R°°,R), one can 
see straightforwardly that the associated "potential" term on eq.(87) for each n is always 

oo 

bounded by the function 1, which is an integrable function on the phase space R°° — Yl ^ 

1=0 

equipped with the cylindrical Gaussian measure 




= D^[g{x)] e-^^n d'^ x[9{Ag)](x) ^gg^) 



where we have re-writtten the "free" equilibrium measure on the physicist well-known 
notation. 

Note that we have just applied the well-known basic Lebesgue convergence theorem of 
Real analysis to obtain the above claimed mathematical result on the rigorous existence 
of the lim sup of the set of measures as given by eq.(88). 

oo 

It is very worth remark that in the case that ^ t- < oo, namely: ^ is a class trace 

1=0 " 

operator like the Lapacean (—A)" + fi^ on L'^{R^) for o; > |, one can easily apply the 
well- know Minlos theorem 3, section 3 on Cylindrical measures supports to "reduce" the 
previous equilibrium phase space [ which is a purely topological product space- without a 

oo 

priori vector structure]: Yl — Hilbert-space L?'{R^) of the ensemble formed 

i=0 

by the set of initial conditions g{x) - eq.(67). 

Let us now briefly comment on similar equilibrium functional-cylindrical measures 
for the anomalous diffusion [(11)] as written below in the notation with V{x) being a 
positive square integrable function as supposed in our study and e a positive constant 
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(£ = V\x)dx) 

dU{x,t) 
dt 



(_((_A)« + e) - V^(a;))C/(x, + F{U{x, t)) + //(x, t) (90) 



[/(x,0) = ^(x) (91) 

Proceeding as exposed above, we arrive straighforwardly at the rigorous mathematical 
defined equilibrium measure on L'^[R') for the case of the positivity of the function G{x) ~ 
Jo F{0 non-linear anomalous diffusion problem eq.(83) - eq.(84). 

d^Vb] = {-^ dxG{g{x))^ X 49] (92) 

Here d^^^_^a^_^_Y_^_^^ ^[g] is the Gaussian cylindrical measure associated to the Generating 
functional defined by the free class trace operator ((—A)" + v + e)~^, since ((— A)+° -|- 
y + £)-i = ((_A)+" + £)-iy((-A)+° + £)-i and ((-A)'* + £)-i e /^(i?^) for a > | with 
y e I/^(i?^) as it is supposed here 

zW[;-(a;)]=exp|-i^^ dxj^^ dyj(x)[(-Ar + V + e]-\x,j)j(y)^ 

= y ^((-A«)+y+£) /^M t^a;^(a;) j(a^)| (93) 

6 On white - noise destributional path integral rep- 
resentation. 

In this short section of our study let us present the functional Fourier transform of the 
characteristic (Generating) functional associated to the often physical used white noise 
(generalized) process. 

As a first step let us consider the following positive 5'(i2'') -continuous functional (with 

7 e R+) 

(94) 



^white [i] = exp I - i 7 {j, j ) L2 ) I 
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By a direct application of Minlos theorem, there is a cyhndrical measure on S'{R'^) (the 
tempered Schwartz distribution on R^) representing eq.(94) in terms of a path integral 

^whiteb! = / d^T] exp i(T(j)) (95) 

here T is an tempered distribution integrated out on eq.(95) and T{j) denotes its action 
on the element j e S{R'^). 

At this point, we call the reader attention that one can not make a further reduction 
of the functional domain of eq.(95) to a space of functions as it was done in previous 
section in order to overcome the problem of "multiplying distributions" . 

Sometimes it is worth to represent the path- integral eq.(55) in the product space 
by considering the associated harmonic (Hermite) expansion ([11]) of the objects in the 
path integral representation 

T = lim5'(«.)(^i„i/„) (96-a) 

j = lims(ij.) ( jn Hn) (96-b) 
In this harmonic expansion eq.(95), reads of as 

^whitebn] = exp ^ 

f dto dtn -^T.iti? iiT, Jiti) , 
/ — £z r^e ^^=0 e ^=0 \ 97) 



At this point one can give a straightforward proof of the result stated on the last 
reference of ref [10] obtained by complicated locahzation methods that for different values 
of the strenght white noise 71 and 72 (7, 7^ 72) the associated path measures have different 
supports on the distributional space S'{R'^). 

This can be easily seen as a consequence of a direct application of the well-known 
Kakutani theorem ([4]) that says that if 

N 



N 





^^ 




1 71 


72 1 




u 


^ j 




\ 72 


71 / 





+00 (98) 
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the associated Gaussian measures are singular measure to each other (this support are 
disjoint functional measurable sets on S'{R'^)\ ). This result shows how different measure 
theory on infinite dimensional spaces are from the usual finite-dimensional ones. 



7 On the invariant Ergodic path integral for a class 
of non- linear wave equation. 

Let us start this last section of our studies by considering the discreticized {N- particle) 
wave motion Hamiltonian associated to a non-linear wave equation on a two-dimensional 
space-time 

^ / ^ 1 \ 
H{pi, = I] « + 2 (^^+1 - + V{xi)j (99) 

with the non-linearity given by a Lipschitz function V{x) and the imposed initial and 
boundary conditions 

Xii-L) = XiiL) = ; a;,(0) = ; />,(0) = (100) 

Note that a means the lattice spacing of our "discreticized" string, namely at the limit 
of zero spacing eq.(99) is given by the continuum action 

H[7r{x, t) , U{x, t)] = dx I^^TT^ + i (J-U^ + F (t/) j {x, t) (101) 

Since one can easily prove the existence and uniqueness of global solutions to the 
associated discreticized (and continuum) wave motion Hamiltonian equations for eq.(99), 
one can apply straightforwardly the Ergodic theorem to write the invariant measure for 
the Hamiltonian system ([11]) 

hm r dtF[{x,{t))]= f F[(a;,)]c/^V(iv)[(x,)] (102) 



with the explicitly equilibrium measure (with a — ^ ). 



dll^fJ-Kxi)] = ^ exp 



'-(yaf^-^^^^^ + Vix, 
2kT \ 0? ^ 
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(103) 



with Z a (probabilistic) normalization factor and kT the Boltzan parameters (tempera- 
ture) . 

Let us remark that the set formed by these measures is a bounded set on the space 
C{R°°, R) (see appendix) and by the Alaoglu-Bourbaki theorem, it is a weakly compact 
set on the vague topology on its dual (formed by Baire measures) . 

As a consequence, one can extract a sub-sequence of the sequence of invariant ergodic 
measures given by eq.(103), such that its infinite-dimensional limit is well-defined 

limsup|^^F(a;-).rf^^)M(xO]} = 

ti^'"//[x((j)] xF{x{a))x 



L 



C^{[-L,L]) 

L 



X 



^""^{"2^ y"^c?<7F(x(a))| (104) 



here d^^^"''^^^ h[x{(t)] is the path Wienner measure associated to the 1-dimensional Laplacean 
~Sx '^ith Dirichlet Boundary conditions on the domain [—L,L] (see eq.(74) - section 4) 
with the identification x{a) — U{x, 0). 

We have, thus, our Ergodic theorem for the 1-1-1 dimensional non- linear wave equation 

hm 1 r F{U{x,t))dt 

= I ^ (i^^^""">[x(a)] X F{x{a)) X e'sir /-i. daV{x{a)) ^^Q5) 

Jc^ {[-L,L\;x{-L)=x{L)=0) 

for any functional F[x{a)) bolonging to the functional space L} C5([— L,L]; x{—L) — 
x{L) = 0); d^'^''''^'' ii[x{a)] 

8 On Polyakov's Bosonic String Path Integral - Re- 
visited on the hght of correct measures definition 

In opinion of the author of ref. [13] "there are methods and formulae in science, which 
serve as master-key to many apparently different problems. The resources of such things 
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have to be refilled from time to time. In my opinion at the present time we have to develop 
an art of handling sums over random surfaces. These sums replace the old-fashioned sum 
over random paths. The replacement in necessary, because today gauge invariance plays 
the central role in physics" (A. M. Polyakov). 

The general picture has been envisaged as follows [13]: one should try to solve loop- 
space or generalized Schrodinger functional wave equations by the appropriate flux lines 
functional represented by transition amplitudes given by the sums over all possible sur- 
faces with fixed boundary. 



here C is some loop (smooth or a random closed path), Sc is a surface bounded by the 
loop C and A{Sc) is the area of this surface and a' an extrinsinc (lenght square) constant 
(the Regge slope parameter). 

The main point on Polyakov's propose is to introduce besides the surface parametriza- 
tion X^(^i, ^2), an intrinsic metric tensor gahHii C2) and a quadratic functional on the ran- 
dom surface ^^14(^1, ^2) held substituting the area functional in eq. (106) (with 2T^a' — 1) 



It is very important to remark that the above 2D-gravity induced surface functional 
has the geometrical meaning of the area spanned by the surface X^j^{S,i^^2) only at the 
classical level a' — > (see ref. [14] for a study for the pure geometrical Nambu-Goto 
action on the framework of these reparametrization invariant functional integrals). 

In order to proceed to the quantum theory, A.M. Polyakov has proposed that 
the quantum surface average of any extended reparametrization invariant functional 
$[X^(^i, ^2); 5'ab(Ci) C2)] should be given by the following expression 




(106) 




(107) 




(108) 
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The reparametrization invariant functional measures on eq. (108) are associated to 
the following functional measures 

115x^1^ = J d'agm'^'sx.iosx.io (109) 

and 

WSgabW = j d'^mV^' (^-' g'"' + Cg'^'g'^''')Sga,5ga>,' (110) 

where C 7^ — | is an arbitrary constant. 

The reparametrization invariant gaussian functional integral X^(^i,^2) is easily eval- 
uated with the result in the conformal gauge gab — p^Sab (for closed boundary-less 2D- 
compact Riemannian manifolds) 

det -/^(-A„.,,J ^ exp {j^l [(M!) ^ (h_^^_|) } (HI) 

The functional integration on the intrinsic metric field is well-known ([13]) with in- 
finitesimal coordinate transformation {Ga (^1,^2)} around the conformal orbit (i.e., 

^L=p25„(,- 0) 

\\6gab\\' = {l + 2c) J d'Cdp{OSp{0 + J d^i^a^^b (112) 

Here 

0ab = (Va +Vb &a)g^,=pH^, (113) 

Prom eq. (112) we derive the correct integration measure in terms of the Feynman 
measures, denoted by the symbol -D^(-) = n'^(') 

[Dg^m = D^ipiCWiEa midet'/'C) (114) 
Here the Polyakov's operator C is obtained from eq. (112) and given by 

{C e)a = V^(V„ Eb +Vb ea)|,„,=p^5„, (115) 



32 



and its functional determinant was exactly evaluated (acting on smooth C°° compact 
support vector-sections on S) 



log det C 

2 ^ 



13 



2 p2 



+ 



lim 

£^0 Ane 



p\0 d'i 



(116) 



By combining eq. (Ill) with eq. (116) and eq. (108), we obtain the partition func- 
tion for the closed surfaces defined in terms of the natural conformal quantum degrees of 
freedom p(Ci,6) 



D^[p(0]exp 



/ (26 -D) r 


\HdaP?] 






2 p2 





2 2 

PrP 



(117) 



This expression shows the origin of the commonly known critical dimension 26 in the 
string theory: at this value of the dimension one does not have dynamics for the metric 
field gabiO — P^iO^ab- However for D < 26 one must examine the "cr-model hke" in 
eq. (117) which is not the Liouville field theory as originally stated by A.M. Polyakov 
[(13)] because the natural theory's dynamical variable in this framework is the scalar 
field p{^) instead of that proposed initially by Polyakov 2lg p{^) = ^p{^). These above 
cited 2D-theories coincides only for very weak fluctuations around the 2D-flat metric 
p(^) = 1 -|- £p (s — > 0) in our opinion. 

Note that the quantum field equation associated to the obtained effective partition 
functional is given by (the the two-dimensional eSective Einstein equations for this induced 
2D-gravitation!) 



{d^da)p{0 



R 



(26 - D) 



{P{i)f + 



127r {dapf 
{26 -D p 



Note that our cr-modcl like (Euclidean) lagrangian (with //^ = /i^are + ^™ 



(- 



(118) 



describing the closed random surface sum 

26 



-^(Z?, dap) 



12n 



i9.(il8.(p) 



e-»o+ 47re 



iOd'^+pi j^p'm'i (119) 



does not possesses in principle a full conformal symmetry as a consequence of the correct 
variable to be quantized. It is worth remark that even in the original Polyakov's work 



33 



the symmetry which remains after specification of the conformal gauge are the conformal 
transformation of the ^-domain = 1 for 0( defined as a scalar field. We conjecture 
that the only phase in which the 2D-quantum field theory makes sense is its perturbative 
phase around the "fiat" configuration p^(0 = 1 + ^Pq^iO jj-cxpansion of other 
suitable classical Pd(0 solution of eq. (118) — PdiO ^ Pq^iO- 

The intercept point probabilities (the scalar TV-scattering amplitude) in this random 
surface theory is straightforwardly reduced to the average 

N 

X j D^[p]e-^('''^»'')(n^,[p(e,)]+^(^-^?)) (120) 

It is possible to show that only for (Euchdean) values of external momenta 1 — pf — 
— 1, —2, • • • or = 0, —1, —2, • • • , the quantum field average eq. (14) makes sense and 
suggesting, thus, to a spectrum without the usual lowest state being a tachyon. 

So, our main conclusion is that the summation of Bosonic random surface understood 
as 2D-induced quantum gravitation as originally proposed by A.M. Polyakov in ref. [13] 
is reduced to a massive cr-model scalar field lagrangean obtained in eq. (117), and not 
to the Liouville somewhat ill-defined 2D-quantum model as originaly put forward in ref. 
[13]. Note that the simplest supersymmetric version of the Bosonic Quantum Field eq. 
(117) describe the sum of fermionic random surfaces with critical dimension D = 10 and 
to be analyzed in the next section. 

Let us finally point that there is a formal propose to describe the closed random 
surface partitional functional eq. (117) by means of Liouville- Pohakov degree of freedom 
= 2lg p{^) which has the advantages of taking into account directly in the path 
integral the positivity of the quantum field p(^). The important formal step in this study 
is the variable functional change 

D^m] - n^d[el(«)] = U^{det{e^m)dm)) (121) 
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Unfortunately the functional Jacobian det(e2) does not makes sense as a functional 
change of functional measures. However, one can propose a definition for the above 
cited Jacobian as in the original Fujikawa's "hand- wave" prescription to handle the axial 
anomaly as follows: 



det F[(e2)(0] = lim exp rr(^) [lg{e2){^)e' 

£—►0+ 



-eA 



Sab 



^e-^-dab] 



lim cxp 



Ane 127r 



m 



(0 



(122) 



By analyzing eq. (122) we feel that eq. (122) is not sound as it stands since 1) one 
could use other regularizing operator as that one of eq. (115); 2) the term in front of 
kinetic term for the Liouville weight decreases and leading to a new (incorrect) critical 
dimension for string theory, etc... Anyway eq. (122) deserves further studies. 



9 On Polyakov's Fermionic String Path Integral - 
Reivisited 

In the last section of our paper we review the original paper by A.M. Polyakov (Quantum 
Geometry of Fermionic Strings (Phys. Lett. 103B, 211, 1981) ([15]) with corrections and 
improvements on the concepts exposed there and following as closely as possible to the 
original A.M. Polyakov's paper writing. 

In this previous section 8, we have clarified and improved the Polyakov's procedure 
for quantizing Bosonic strings as 2D quantum gravity models by a carefuU analysis of 
the involved path-integrals. It is, thus, very urgent to extend these results to fermionic 
strings because, as was shown in refs. [16] its Kaluza-Klein reduction to certain manifolds 
are expected to represent from a Q.F.T. point of view the N — A extended Super- Yang 
Mills Field Theory (The Maldecena suggestion). 
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Let us begin from the supersymmetric extension of the Bose string (quantum gravity!) 
lagrangean. ([15]) 



5 = 



27ra' 



JD 



(123) 



Here, the surface is parametrized by Xa — X^(^), [A — 1- ••!)); il)^ is a ^-two 
component Majorana spinor, QapH) is a metric tensor and Xa is a spinor gravitino field. 
The Polyakov's strategy as exposed in the previous paper, was to integrate out the 
and ■0"^ fields firstly and, then, he has examined the resulting theory of "induced ^- 
supergravity" . By choosing the " super-conformal" gauge 



9ap{i) = P^iO^ap; XaiO = (7aX)(C) 



(124) 



Polyakov has showed that the only expression which satisfies all ^-supersymmetries not 
destroyed by the super-conformed gauge eq. (124) is the direct supersymmetric extension 
of the Bosonic action written in ref. [13], eq. (2) 



-w 



Dij^DXae 



-s 



(125) 



In terms of the original fields p{^) and x(^), the component form of eq. (125) can be 
(correctly) rewritten as (with 27ra' = 1) 

'1. . 1 . . 1 



^ix{ld)x + ^I^{X15X)P + ^A^V^ 



(126) 



Note that in the usual Liouville field parametrization the induced 2 D-super gravity is 
written as (p = e'^^^) 



10 -D 
Stt 



iO (127) 



At this point it is worth remark that the intrinsic fermionic degrees of freedom in eq. 
(127) may be easily integrated out with the following result: [if one considers xiO ^ 
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usual 2D-Dirac fermion field] ([17]) 



10 -D 
Stt 



1 _ 1 _ 



det 



+ 2^75P 



At this point, we note that (after introducing the notation a+ — /3 



P 



1-75 



(3, we have the ^-expansion (/x << 1) 



n=0 

J D(3Dpexp 



-\ jmim 



{a+p - a_p)(6) • • • (cr+p - a_p){in) 



1+75 



(128) 



(3 and 



(129) 



and it is a result of a well-known theorem on 2D-Fermionic model's that the only non 
zero terms of eq. (128) are those with equal number of cr^s and a_s. We get, thus, that 
eq. (128) becomes the bosonized path-integral below written 

I{p) = J D%{0]exp(^-^ J d'C{daf{Oyw{- J d'i 1;, e^(°)i^ sen(V^ + p) (0 

(130) 

where the (bare) ^-cosmological constant fi (gets a multiplicative ultraviolet) renormal- 
ization jiR— \p,{e)~^ . 

As a final comment let us use as dynamical degrees of freedom the Polyakov's original 
conformal factor Lp{^) — Ig p{i). In terms of this variable the bosonized theory's path 
integral is written as 



10 - D 
87r 



j i^V(«)]exp|-m^(av^)^(o + //^ 

exp J cPi sin (V47ra)eV^^ (^)^ | 



(0 



(131) 
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It is worth to note that the one must use as the Feynman product measure that written 
in eq. (130) Il^{e'^^^^ dW {^)) since the associated functional (^-covariant) functional metric 
is given by 

ll^^a^ll' = j^(e2^«)5(^ • Scpmd'^ = J[6{enS{enmd'^ (132) 

Note that only for weak intrinsic metric fluctuations (or for D = 10 — e) e"^^^^ may 
be replaced directly by (/?(^) inside the Feynman product measure as it was supposed in 
Polyakov's original paper. 
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Appendix A 



In this appendix we give new functional analytic proofs of the Bochner-Martin-Kolmogorov 
Theorem of section II. 

Theorem of Bochner-Martin-Kolmogorov (Version I) let / : £^ — > i? be a given real 
function with domain being a vector space E and satisfying the following properties 

1) /(O) = 1 

2) The restriction of / to any finite-dimensional vector sub-space of E is the Fourier 
Transform of a real continuous function of compact support. 

Then there is a measure d^{h) on a cr-algebra containing the Borelians if the Space of 
Linear Punctionals of E with the topology of pontual convergence denoted by E""'^ such 
that for any y & E 



f{g) = / cxp{ih{9))df^{h) (A.l) 

Proof: Let {cx^a} be a Hamel (Vectorial) basis of E and E^^^ a given sub-space of E of 
finite-dimensional. By the hypothesis of the Theorem, we have that the restriction of the 
functions to E'^^^ (generated by the elements of the Hamel basis {e^j , . . . , eAj^} = {caIasAf 
is given by the Fourier Transform 



/ Y] oXieXi = / {dPx, ■ ■ • dPx^) exp 



N 



g{Px,,--- ,Px.) (A.2) 



with giPx,,- ■■ ,Px^)eCA n R' 

\\eAF 

As a consequence of the above written result we consider the following wcll-dcfincd 
family of linear positive functionals on the space of continuous function on the product 
space of the Alexandrov Compactifications of R denoted by : 
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with 



La,[^(Pa,,...,Pa.)]= / [ g{Px,,...,Px^){dPx,...dPx^) (A.4) 

J n c^'")^ 

Here g{Px^ , Pxn) still denotes the unique extension of eq.(A-2) to the Alexandrov 
Compactification R^. 

We remark noe that the above family of linear continuous functionals have the follow- 
ing properties: 

1) The norm of Lxp is always the unity since 



^Ail 



[ giPx„...,Px^)dPx,...dPx^^l (A.5) 



n (■R"') 

xeAp 



2) If the index set Ap, contains Ap the restriction of the associated linear functional 
Ai?, to the space C H (^"')'^) coincides with La^. 

Now a simple application of the Stone- Weisrtress Theorem show us that the topo- 
logical closure of the union of the sub-space of functions of finite variable is the space 
C ( n (^"')^,^ J, namely 



U c(i[{R-)\r\=C{1[{R-)\R) (A.6) 
AfcA \AeAi;- / XeA 

where the union is taken over all family of sub-sets of finite elements of the index set A. 

As a consequence of the remark 2 and eq.(A-6) there is a unique extension of the 
family of linear functionals {Laj,} to the whole space C I J| (R^)^, R ) and denoted by 

Loo- The RieszMarkov Theorem give us a unique measure d]l{h) on Yl (R^)^ representing 

AeA 



the action of this functional on C ( Yl{R^y,R\. 

\xeA J 

We have, thus, the following functional integral representation for the function f{g): 



fig) = / eMih{g))di,{h) (A.7) 
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_ N 

Or equivalently (since h{g) = "^Pitti for some {pi}i<=N < oo), we have the result 

i=l 

f{g)= [ {expth{g))dfx{h) (A.8) 

Ji n R^) 

which is the proposed theorem with h E { Y[ R^) being the element which has a the 
image of h on the Alexandrov Compactification Yl (R^)^- 

The practical use of the Bochner-Martin Kolmogorov Theorem is difficulted by the 
present day non existence of an algorithm generating explicitly a Hamel (Vectorial) Basis 
on Function of Spaces. However, if one is able to apply the theorems of section III one 
can construct explicitly the functional measure by only considering Topological Basis as 
in the Gaussian Functional integral eq.(32). 



Theorem of Bochner-Martin-Kolmogorov (Version 2) 

We have now the same hypothesis and results of theorem version 1 but with the more 
general condition. 

3) The restriction of / to any finite-dimensional vector sub-space of E is the Fourier 
Transform of a real continuous function vanishing at "infinite" . 

For the proof of the theorem under this more general mathematical condition, we will 
need two lemmas and some definitions. 

Definitions 1. Let X be a normal Space, locally compact and satisfying the following 
(T-compacity condition 

oo 

X^[jKk (A.9) 

n=0 

with 

C int(i^„+i) C K^+i (A. 10) 
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we define the following space of continuous function "vanishing" at infinite 

Co{X,R) = J f{x) e C{X,R)\ lim sup = i (A.ll) 

We have, thus, the following lemma. 

Lemma 1. The Topological closure of the functions of compact support contains Co{X, R) 
in the topology of uniform convergence. 

Proof: Let f{x) G Co{X, R) and G C{X, R), the (Uryhson) functions associated to the 
closed disjoints sets Kn and {K^_^_^). Now it is straightforwardly to see that (/ • gn)ix) G 
Ci{X,R) and converges uniformly to f{x) due to the definition (A-11). 

At this point, we consider a linear positive continuous functional L on Cq{X,R). 
Since the restriction of L to each sub-space C{Kn,R) satisfy the conditions of the Riesz- 
Markov Theorem, there is a unique measure /x^"^ on containing the Borelians on Kn 
and representing this linear functional restriction. We now use the hypothesis eq.(A-lO) 
to have a well defined measure on a cr-algebra containing the Borelians of X 

ll{A) = lim sup {A Pi Kn) (A. 12) 

for A in this cr-algebra and representing the functional L on Co{X, R) 

L{f) = / f{x)dj,{x) (A.13) 
Jx 

Note that the normally of the Topological Space X is a fundamental hypothesis used 
in this proof by means of the Uryhson lemma. 

Unfortunatclly, the non-countable product space Y\. -^^ a Normal Topological 

Space (the famous Stone counter example) and we can not, thus, apply the above lemma 
to our Vectorial case eq.(A-8). However, we can overcame the use of the Stone Weirstrass 
Theorem in the Proof of the Bochner-Martin-Kolmogorov Theorem by considering directly 
a certain Functional Space instead of that given by eq.(A-6). 
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We define, thus, the following Space of Infinite-Dimensional functions vanishing at 
finite 

Co{R°^,R) = Co(iIr\r\= U Co(1[R\r] (A.14) 

where the closure is taken in the topology of uniform convergence. 

If we consider a given continuous linear functional L on Cq I J| J there is a 

unique measure fj,°° on the union of the Borelians Yl -^^ representing the action of L on 
Co(i?°°,i?). 

Conversely, given a family of consistent measures {fJ^Ap} on the finite-dimensional 
spaces { Y[ R^) satisfying the property of /Ua^ i?'*' ) = 1, there is a unique measure 



on the cylinders Yl R associated to the functional L on Cq I Yl R , R ] ■ 

Collecting the results of the above written lemmas we get the Proof of eq.(A-8) in this 
more general case. 
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Appendix B 

On the support evaluations of Gaussian Measures 



Let us show explicitly by one example of ours of the quite complex behavior of cylin- 
drical measures on infinite dimensional spaces R°°. 

Firstly we consider the family of Gaussian measures on R°° — {{xn)i<n<oo,Xn £ R} 
with (7„ e 



N 



S'^^n{{xn}) = lim sup <j Y[{dxn -^1^. 



e ^"n 



(B-1) 



Let us introduce the measurable sets on 

oo 

and ^ a\al < oo 



n=l 



(B-2) 



e=i 



Here {a„} is a given sequence suppose to belonging to either. 
Now it is straightforward to evaluate the "mass" of the infinite-dimensional set -^(a;^), 
namely 



= lim < lim sup TT(1 + 2sala, 



Note that 



5 < 



1 + J2 oil^l 



(B-3) 



(B-4) 



As a consequence one can exchange the order of the limits on eq. (B-3) and arriving at 
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the result 



{n 
£-♦0+ 



= lim sup {1} = 1 (B-5) 

0<^<n 

So we conclude on basis if eq.(B-5) that the support of the measure eq.(B-l) is the set 

E(^an) for any possible sequence G Let us show that H -E'(^^) 7^ {0}, so 

these sets are not coincident. 
Let be the sequences 

an = n"'^ 

/?n = n--^ (B-6) 

with 7 > 1 and a > 0. 
We have that 

6 

So and -Ej^^^} are non-empty sets on R°°. 

Let us consider the point e -R°° and defined by the relationship 

xl = (B-9) 

We have that 

= E"-' 

and 

Efei'i^^-E""*"""' 
= E"^ 



,2-£-2A 
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If we choose e — 1 ; 7 > 1 (7 = |!), we obtain that the point {xn} belongs to the set 

2 °° 
^{i3n} (since X]^^ = V)' however it does not belongs to E^^r^} (since ^ — +00 ), 

n=0 

although the support of the measure eq.(B-l) is any set of the form with {jn} € 

Acknowledgments: The author is thankfuU to CNPq / Brazilian Science 
Agency for a research fellowship which ended on February /2 004 and not renewed from 
that date from now on. 

References: 

[1] B. Simon, "Functional Integration and Quantum Physics" - Academic Press, (1979). 

[2] B. Simon, "The P{(j))2 Euclidean (Quantum) Field Theory"- Princeton Series in 
Physics, (1974). 

[3] J. Glimm and A. Jaffe, "Quantum Physics" - A Functional Integral Point of View 
Springer Verlag, (1988). 

[4] Y. Yamasaki, "Measure on Infinite Dimensional Spaces" - World Scientific Vol. 5, 
(1985). 

[5] Xia Dao Xing, "Measure and Integration Theory on Infinite Dimensional Space" 
Academic Press, (1972). 

[6] L. Schwartz, "Random Measure on Arbitrary Topological Space and Cyhndrical 

Measures" - Tata Institute - Oxford University Press, (1973). 

[7] K. Symanzik, J. Math., Phys., 7, 510 (1966). 

[8] B. Simon, Journal of Math. Physics, vol. 12, 140 (1971). 

[9] Luiz C.L. Botelho, Phys., Rev. 33D , 1195 (1986). 



46 



[10] E Nelson, Regular probability measures on function space; Annals of Mathematics 
(2), 69, 630 - 643, (1959). 

-V. Rivasseau, Prom perturbative to constructive renormalization, Princeton Uni- 
versity, (1991). 

[11] Luiz C.L. Botelho, II Nuovo Cimento, Vol. 117B, 37, (2002). 
II Nuovo Cimento, vol. 117B, 331, (2002). 
J. Phys. A: Math. Gen. 34, 131 - 137, (2001). 
Mod. Phys. Lett. 173, Vol. 13/14, 733, (2003) 
II Nuovo Cimento, 117B, 15, (2002). 

-Ya. G. Sinai, Topics in Ergodic Theory, Princeton University Press N (1994). 

[12] Roger Teman - Infinite - Dimensional Systems in Mechanics and Physics, Vol. 68, 
Springer - Verlag, (1988). 

J.M. Mourao, T. Thiemann, J.M. Velhinho, J.Math. Phys. 40, n° 5. 2337 (1995). 

[13] A.M. Polyakov, Phys. Lett, 103B, 207 (1981). 

Luiz C.L. Botelho, J. Math. Phys. 30, 2160 (1989); Luiz C.L. Botelho - Triviahty 
- quantum decoherence of quantum chromodynamics SU{oo) in the presence of 
external white- noise - accepted for pubhcation in Phys. Rev. D (DQ8944). 

[14] Luiz C.L. Botelho, Phys Rev 49D, 1975, (1994). 

[15] A.M. Polyakov, Phys. Lett 103B, 211, (1981). 

[16] L. Brink and J. Schwarz, Nucl. Phys. B121, 285, (1977). 

[17] L.C.L Botelho, Phys. Rev. D33, 1195, (1986). 



47 



